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Concepts for inverse problems/parameter estimation problems
Illustrated by examples—Involves both deterministic and
probabilistic/stochastic/statistical analysis

Includes:
| dentifiability
* |ll-posedness

Stability

Regularization

Approximation

Reduced order modeling {Proper Orthogonal
Decomposition(POD)/Principal Component Analysis(PCA)}
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FORWARD PROBLEM
VS.
INVERSE PROBLEM

Parameter dependent dynamical system:

%: g(t1 Z1 H), Z(to) = ZO’ g known’ 66 @

z(t) e R*, ie, z(t) is a vector
Forward : Given 6, z,, find z(t) for t >t
Inverse: Given z(t) for t>t,, find 6 €®



M ass-spring-dashpot system
P o NEANANANERNANENERN

2
c X+Cd—x+kx=F

dt® dt 1
" g 5

X(0) = %, —(0) =V,

Im

X = equilibrium displacement XT m
of massm T

Forwerd: Gvenmc,k, F, x,,v,, find x(t) for t >t,
Inverse: Gven x(t) for t>1,, v, and F, find mc,and k



Electronic Polarization—electronic cloud displacement

Z = displacement of negative charge of
.. massmiromequilibriumof electronic
™, cloud center 4
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Usually are not given observations of all of system state z(t):
Exampl e(mass-spring-dashpot system):
First, rewrite asfirst order vector system:

[ x(t) A

20=| du(t) | - 52 =A@ +F), 7 [j"]
L dt i
(0 1 ) 0 )

A(0) = k C F(t)= F(t) Qz(k’ij




Observations: f(t,0) =C z(t,0)
ax(t)

Laser vibrometer @ 1 (t,0) =v(t) = "

Observation operator : C =(0 1)
Proximity probe: f(t,80) = x(t)

Observation operator : C=(1 0)
More likely, discrete ( finite number)
observations:

(9,}  wherey, ~ f(t,,0)

j=1
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Can fornmulate as least — squares fit of
moad to obsarvaions,

n . 2
JO=Y |9, - (t.0)
wheref Isthenood solution(response) or that

part of the solution that we can "observe™” or
that we care about 1n desgn!
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“Modd driven” vs. “data driven” inverse problems

Vodel driven: y, = f(t;,0)
Datadriven: y;, =1(t,,0)+¢,, & Iserror

(Depending on the error, may need to
Introduce variability into the modeling
and analysis)

11



Model driven: y. = f(t,,0)
1) System Design problems
a) design of spring/shock system (automotive,
"smart" truck seats)
b) design of thermally conductive epoxies for
use in computer motherboards
11) Nondestructive Evaluation (NDE) problems
a) thermal Interrogation of conductive structures
b) eddy current —based electromagnetic damage
detection
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Deagnd sxing/ ok 9dem Mass-spring-dashpot system
(auomative'srart” truk sats) AN N U W N

2
c X+Cd—x+kx=F

dt® dt 1
dx k% \l\\ -

X(0) =%, —=(0) =V,

T
(Choose @=(k, C) to provide angven response)

4
X(t) for a “load™ mand perturbation F(t)

Im




DESIGN OF THERMALLY CONDUCTIVE COMPOSITE ADHESIVES

GOALS

Design and analysis of thermally conductive
composite adhesives (epoxies and gelsfilled
with highly conductive particles such as
aluminum, diamond dust, and carbon)

POTENTIAL AND SIGNIFICANCE
Development of enhanced thermally
conductive adhesives for microelectronic
devices,automotive and aeronautical
components

Determine p,c_,and k (all spatially varying) in

ou(t, X)

S = V(K()VU(E, X))

p(X)c,(X)

. u .
for a desired temperature u or flux 2—: Vueni
n

on the boundary
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2)

3)
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DAMAGE DETECTION USING EDDY CURRENT TECHNIQUES

GOALS

Develop fast on-line computational methods
for use with highly sensitive magnetic flux
sensors in detection of subsurface damages

POTENTIAL AND SIGNIFICANCE
Development of portable, real time scanning
devices for damage detection in conductive
materials. Potential for fast scanners for
nondestructive evaluation in aging aircraft,
spacecraft and other structures

Using measurements of the magnetic vector potential A,
determine any voids in the material (characterized by o =0) where

Vx( ! VxA(x,y)]:(a(x,y)+ia)g(x,y))(—ia)A(x,y)—V¢) for (x,y) e,
H(X,Y)

| = j (o (% y) +iwe(x,y))(-ioA(x, y)-V¢)-nda for (x,y)ecs

cs
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Datadriven: §, =1(t,,0)+¢;, & Iserror

Many (most!) of exampleslead to the introduction of
variability into both the modeling and the analysis!!

1) Physiologically Based Pharmacokinetic
(PBPK) modeling in toxicokinetics

11) Modeling of HIV pathogenesis

18



PBPK Modelsfor
TCE in Fat Célls

Millions of cellswith
varying size, residence
time, vasculature,
geometry:
“Axial-dispersion” type _
adipose tissue compartments &
to embody uncertain
physiological heterogeneities
In single organism (rat) =
Intra-individual variability

| nter-individual variability treated with parameters (including dispersion
parameters) as random variables —estimate distributions from aggregate
data (multiple rat data) which also contains uncertainty (noise)

19



Whole-body system of equations

v, dcét(t) QG (t,ﬂ_gz)+§: G (t)+%kck(t)+%lq (t)+%:cm(t)+%q (H)-QG, (1
C.(1)=(QC.(1)+QC:(1))/(Q+Qy/R)

v, & _q (c.)-, (1)/R)

oC Vp 0. C
- ° {S‘n — _VCB):|+J’IILIB| (fICI (6)- fBCB)+/1A:uBA( f.Ca(6) - fBCB)

=

504 r,9ng o o0
oC, _V,D[ 1 ¢Cc 1 a(

\Y gn¢£j}+5@) (9)}(3(¢)ﬂ1ﬂ8| ( feCs — 1,C, )+ﬂ|A( fACa—1,G )

ot r? sin2¢692+sin¢8¢ o
oC, VD] 1 &c, 1 a(. C, ) )
ATy Linzqﬁ 06? +sin¢8¢(sn¢ o9 ﬂwg‘)w)%wm\"%(ms f.Ca) +4a (G = £,.C4)
dc, (t
V, Cgt()zqk(ca(t)—ck(t)/a)

e S o

v dC,,(t)

m

o =Q,(C,(t)-C,(t)/R,)
dc, (1) Plus boundary conditions

V—q ~QGO-GOR) and initial conditions
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MODELING OF HIV PATHOGENESIS
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POPULATION LEVEL ESTIMATION OF

SPREAD RATES AND EFFICACY IN
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Involves systems of equations of the form (generally nonlinear)
dv

pra —cV (t) + At —7) +n.C(t) —n, V()T (t)

where 7 Isaproduction delay (distributed across the population
of cells). That is, one should write

% =—CV(t)+ naT At —7)k(7)dz+nC(t)—n, V()T (t)

where k isa probability density to be estimated from aggregate
data.

Evenif k isgiven, these systems are nontrivial to ssmulate—require
development of fundamental techniques.
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HIV Model:
V(t) =—cV (t) +n, [ Alt—7)d7z,(z) + neC(t) - p(V, T)

A) = (1, ~ 5, ~SXO) A~ | At - 1)d7z,() + p(V,T)

C(t) =(r, —o. —o X(1))C(t) + yj Alt—-r7)dr,(7)

T()=(r, =6, = SXO)T() - p(V,T)+S

where C('[)ZEZ{C('[;T)}Zj.C(t;T)dﬂ'z(T) , A= acute cells

V(1) =V, (1) +V (1), V(1) =E,; {VA(t;T)} = jVA(t;T)dﬂl(T)

z, ~ delay from acute infection to viral production
., ~ delay from acute infection to chronic infection
T = target cells, X = total (infected+uninfected) cells 24
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Theproblemsaboveare ( asare most others) notoriously
IlI-posed!! Thisconcept isdifficult to explain in the context
of the problems outlined above—so we turn to some
exceedingly smple examplesto illustrate the ideas behind
well-posedness!  Simplest case:

one observation— Vy for f (6)— and need to find preimage

0" = f*(y) for agiveny




Well-posedness:

I. EXistence
| dentifiability
I. Unigueness
Il. Continuous dependence of solutions on observations

“stability” of inverse problem

27



> 0
0, 0, 0,0,

Non-existence: ~ No €, such that f (6,) =V,
Non-unigueness: y,=f(0.)=1(0,) j=12
Lack of continuity of inverse map:

V-, smEl = () - F(y,)

=6,-6) sl &




Why is this so important???
Why not just apply a good numerical algorithm for a

least sguares (for example) fit to try to find the * best”
possible solution???? (Seldom expect zero residual!!)

Define  J(0) =y, - 1‘(6’)\2 for a giveny,
and then apply a standard iterative method to obtain

a solution!!
|ter ative methods;

1) Direct search (simplex, Nelder-Mead,.........)
2) Gradient based (Newton, steepest descent,
conjugate gradient,.........)

eg, Neamton: ¢ =g —[J(6)]*3(6")

29



g =6 -[J (@) I()
For J(0)=y,~ f(O) ,J3'(8)=2(y,~ f(0))(~f'(6))
J(@°)=2()(--)<0, =6 >6° ec
J'(6°)=2(-)(- +)>0, =0*'<6H° et




Thisbehavior isnot the fault of stegpest descent
algorithms, but isa manifestation of the inherent
“1ll-posedness’ of the problem!!

How to fix thisisthe subject of much research over
the past 40 years!! Among topicsare:
explicit(compact
1) constrained optimization{ constraint sets)
implicit(Lagrange
multipliers)
a) Tikhonov regularization(1963)
1) regularization{ (compactification, convexification)
b) regularization by discretization

31



Tikhonov regularization

ldea: Problemfor J(é’):\yl—f(e)\2 isill — posed,
so replace it by a "near —by" problem for

3,0)=|y,— 1O +Blo-6]
where S Is a regularization parameter to be
"appropriatdy chosen" !!

PRO: When done correctly, provides convexity and compactness
In the problem!

CON: Even when done correctly, it changesthe problem and
solutionsto the new problems may not be closeto those of original!
Moreover, it iIsnot easy to do correctly or even to know if you have
done so!! 32



EXAMPLE:

f(0)=1+asin(z0), P ranging from g =010

100 thru values O, .01, ...,1.0, ...,10, ...,40, ...,80, 100,
several values of «, 6,, and y,

D a=1y,=15 6,=0 (tik)*

2) a=.5,y,=.8, 6,=0 (tikl)

3) a=.5,y,=16 (not inrangeof f), 6,=0 (tik2)*
4) a=1,y,=15 6,=1.0  (tik4)

5) a=1y,=15 6,=18 (tik6)*

6) a=1y,=15 6,=.5 (tik7)*

/) a=1y,=15 6,=-5 (tik8)* (alt / tab) 33



f(0)

()
oy

f(6) = L+sin(x"0)

AN

=0
-~ p=o001

JB(G) = Iyd - () |2 B |9|2
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f(0)

— f(0)
— yhat

f(6) = 1+sin(x*0)

AN

- B:O
-~ p=o01

3,(0) =1y, -fO) [+ lo
2.5 l l )
Zﬁﬂ\ fffffffff A
s 1.5Mf\ 777777777 Jy fffff
.
Dol
0.5 Mo I
,a | HX
. %f VALY
-2 -1 0 1
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f(0)

f(@)

— f(0)
— yhat

1+Sln(n*0)

. B:O
. B:]_
3,(0) =1y, -HO) [+ lo
eeeeeeee eeeeeeeee /
]
RS S S ]
v A
+++++ jf\ -
INVZARS /
fffffff \@\\J —_—
;N Y
~ N2
2 -1 0 1 2
0
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f(0)

— f(0)
— yhat

f(e) 1+S|n(n *G)

- B:O
o B:6
3,(0) =1y, -HO) [+ lo
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f(0)

15

()
oy

f(6) = L+sin(x"0)

AN

120

100

E——
. p=40

JB(G) = Iyd - () |2 B |9|2
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SENSITIVITY
How doesf (t,8) =C z(t,8) change with respect to ¢ and

how does this affect the effort to mnimze
JO)=|y,~f@O)f %

Recall that J'(0) = 2(y, —  (9))(~f'(0)) and Newton

Ot =0 —[J'(6)] " J(6") galls for initial values

in[&,6,]




So we are interested In i_ C a_z
06 06

which is obtained from general
sensitivity theory:

Example: For %: g(t,z,8), we find s(t) =

0z(t,0 ) satisfies ds(t) = (a_gj S(t) + ( agj
00 dt 0z 00

where (a_gj = Z—g(t, 2(t,07),607),
i

0z
99 ) _ 99
(89] 66(t 2(,07).0°) 40



APPROXIMATION/COMPUTATIONAL ISSUES

As we have noted, mogt observations have the form
f(t,0)=C zt,0),

where z is the solution of an ordinary or partial

differential equation. In general, one cannot obtain

these solutions in closed formeven if & is given.

Thus one must turn to approximations and

computational solutions.

41



For exanple, inthe case of z satisfying an ODE

dz
—=0(t,z0),
5 g(t, z 6)

one can apply finite difference techniquesto discretize
the system, obtaining an algebraic systemfor z© ~ z(t, )
given by

2,=9"(%,2 . % ,0).

ed., Runge— Kutta, predictor —corrector, siff methods
of Gear

42



Thus, one must use
ka (0)=C ZkN (6)
N
n | . 2
NO)=>" |y, - 1(0)
which yields solutions 6",

Question: What is relationship of 6" to 8 772
Convergence, preservation of stability,
sensitivity, well posedness, etc., of problems,
solutions ?7??

43



Inthecase of partial differential equation systens,
one can introduce finite difference or finite demant
approXmetions
BExanple: Hnitederants ("linear demats”) in
disperson equations—heat, population dispersal,
nolecular diffuson,ec.
ouit,x) o
&t ox

ou(t, X)
OX

(Q(X) j+ F(t,X)



ldea: Look for approximate solutions of the form
N (t,X) =Y 2 ()P (%)

N

for a given set of basis dements {W}'| , leading

k=1

to a systemfor 2" (t) = (7" (t), 2 (t),..., Z} (t)) to be
used inf"(t,0)=C"z"(t,0).

45



Linear Harents

‘PE'(X)A
» X

XkN-l Xl|<\| Xl|<\|+1
leads to finite dimensional system
N
dzdt(t) — AN(O)Z (1) + FN (1)

where
AN () = ( [o00®! (0" (%) dx )

46



FIin

ite elementsgenerally result in large

(dimension ~ 10,000-20,000) approximating
systems!! These can be extremely time
consuming in inverse problem calculations.
Sothereisgreat interest in model reduction
techniquesthat will result in substantial

I eC

uction in time! To illustrate one such

tec
we

nnique (Proper Orthogonal Decomposition),
return tothe eddy current based NDE

example.
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Computational Methodology for Eddy
Current Based NDE Techniques

Develop fast on-line computational
methods for use with highly sensitiv
magnetic flux sensorsin detection of
subsurface damagesin portable, real
time scanning devices for damage
detection in conductive materials
(fast scannersfor NDE in aging
air craft, spacecraft and other
structures).

Reduced order models (10 POD elements) to permit inver se problem
calculationsin 8 seconds resulting in 3 orders magnitude speed-up
(computationally and experimentally validated)

48



Eddy Current Methods

A conducting sheet carrying a
uniform source current Is
placed near the sample to be
examined.

The current in the conducting
sheet induces a current in the
sample, called an eddy
current.

If a defect Is present, it
disrupts the flow of the eddy
current.

The disturbance in the eddy
current manifests itself in the
magnetic field data taken by
the measuring device.

Pick-up coil of sensor
/" /*

Conducting Sheet

Sample Material Flaw

49



Maxwell’ s Equationsin Phasor Form

Maxwell’'s Equations Constitutive Laws Ohm’'s Law

V-B=0
D=c¢E
VxE=-10B H = ;
VxH=J+1wD
where
» B is the magnetic flux density in > p is the electric charge density in
T C/m?3
» D is the eectric displacement in > wistheangular frequency in rad/s
C/mz - - > gisthepermittivity in F/m
» E Is the electric field intensity in 3, u is the magnetic permeability in
Vim H/m
» H isthe magnetic field intensity in 3. is the dectric conductivity in
A/m S/m

50
> Jisthecurrent density in A/m?



Boundary Value Problem

The entire boundary value problem is given by

Vx( L VxA(x,y)j:(a(x,y)+ia)g(x,y))(—ia)A(x,y)—V¢) (X,y) e,
H(XY)

(o(x y)+iwe(x y))(-iwA(X, y)-V¢)-nda (X y)ecs

|l =

B =

V=0 (XYy)eQ\cs
A(X,—35mm) = 0= A(X,35nmm)

VA-n|(0my) :O:VA-n|(50my)

for the magnetic vector potential A and scalar potential ¢ defined by
B=VxA, E=—10A-V¢ 51



Potential Difficultiesin I nverse
Problem

The ultimate goal isto determine the feasibility of using a portable
sensing device in conjunction with inverse problem techniques to
characterize a damage.

The inverse problem is a computationally intensive iterative
procedure in which the boundary value problem (BVP) must be
solved possibly numeroustimes.

Using standard finite element methods, the inverse problem would
be extremely time consuming and therefore not practical In
experimental settings.

To decrease the computational time, one can use the reduced order
POD (Proper Orthogonal Decomposition) methodology.
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POD Method

* Let g represent a damage and A(g) denote the solution to the
boundary value problem given damage ¢. Then the set of N

snapshotsis given by \
A}
A@)} )

* We seek POD basis elements @ of the form

@, =DV (1)A@))

such that each basis element @, i=1,...,N, resembles the snapshots in

the sense that it maximizes
2

1 N
N2

s j=1

(A@))®,)

L%(Q,C)

subjectto (@, @) =|| @ |P=1. >



Forming the POD Basis Elements

e The coefficients V,(j) are found by -

solving the eigenvalue problem CV
= AV where the covariance matrix
Cisgiven by

c], =~ (A@).A@)

S

12(Q,0)

C is a Hemitian positive semi-

definite matrix and hence possesses
a complete set of orthogonal
eigenvectors with corresponding
non-negative real eigenvalues
which can be ordered according to

M=, Ay >0.

N
% energy= "> 4.

The set of POD basis elements is
given by Ng

{q)i }i=1
where

span{®, }'; = span{ A, )} ” .

Thereduced basisis given by

N
{Cbi }i=1
where N is chosen so that

span{®, }" ~ span{A(q,)}

NS
j=1
which can be found by examining

NS
> 2y
j=1

j=1



Approximation of A(g) Not in the Set of
Snapshots

To approximate AN(g) where g is a given parameter not in the
set {qj}j:Nf, we can use the approximation formula given by
N

N _
AY(q) =D a(q)®,
k=1
where o,(q) can be determined by one of the following:

1) POD/Galerkin Methods
2) POD/Interpolation Method

The POD/Galerkin method uses the equation which describes
the system.

The POD/Interpolation methods only uses the value of o, (q) for
. N .
those damages parameters q in the set {q;};-;. The equation

describing the system is not involved.
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Computational Examples

Computational simulations were performed in which we estimated
length, thickness, and depth separately and length and depth

simultaneoudly.

We generated “snapshots’ of the magnetic vector potential, A, by
using Ansoft Maxwell 2D Field Simulator(finite elements) to

generate “data”’ across various damages.

Simulated “data’ was formed in the same way with random noise

added to modda random measurement error.

In the parameter estimation problem, a scaled least sguares

criterion was used.
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Conclusions Based on Simulated
Results

 The methods were shown to be accurate and robust. Even with
“data” containing considerable noise (10% in our example) the
estimated parameters were a good representation of the actual
parameters.

« Using a finite element package ssimilar to Ansoft Maxwell 2D Field
Simulator, over 7000 finite elements would have to be used in each
forward run in the optimization problem where less than 10 POD
basis elements are used while still obtaining extremely accurate
results. Thisleadsto a significant decrease in computational time.

« The methods were fast. The entire inverse problem took
approximately 8 seconds. |f one were using Ansoft Maxwell 2D
Field Simulator, a single forward simulation would take on average
5-7 minutes. Thuswe arrive at a speed up factor ranging from 750-
1050, approximately a factor of 103,
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Experimental Setup

Sample:

17 layers of aluminum
plates stacked on top of
one another

Damage:

Thedamageisformed
by cutting out a piece
of one of the aluminum
plates

Conducting Sheet:
Thin sheet of copper
Sensor:
GMR sensor
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Results on Estimating Length
with Exq}%)herimental Data

Determination of Len Determination of Length

at a Frequency of 500Hz at a Frequency of 1kHz
Depth Length|” Est.Length Relative Depth Length|” Est.Length Relative
(mm) (cm) (cm) Error (mm) (cm) (cm) Error
2 1.0 0.9397 6.03% 2 1.0 1.0012 0.12%
15 1.6145 7.63 15 1.5109 0.73%
3 1.0 0.9428 572% 3 1.0 1.0090 0.90%
15 1.4885 0.7/% 15 1.6320 8.80%
4 1.0 0.9807 1.93% 4 1.0 1.0910 9.10%

1.5 1.5334 2.23% 1.5 1.6613 10.76%
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Results on Estimating Depth with
Experimental Data

Determination of Depth with Fixed Length 1.0cm

Depth d’

(mm)
2

(Hz)

250
500
1000
2000
250
500
1000
2000
250
500
1000
2000

(mm)

0.9411
2.1919
2.1191
2.0479
3.4827
2.8047
2.9004
2.9127
3.4139
4.1277
4.1865
5.0469

Frequency Est. Depth Relative

Error

52.95%
9.59%
5.96%
2.39%

16.09%
6.51%
3.32%
0.91%

14.65%
3.19%
4.66%

26.17%
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Results on Estimating Length and

Depth with Experimental Data

Determination of Lenqgth and Depth at a Frequency of 500Hz
Actual Length |

1.0cm 1.5cm 2.0cm
2mm | =1.0635 | =1.8080 | =1.5568
d = 2.3097 d = 1.8403 d = 1.9946
Actual 3mm = | =0.9065 | =1.4612 | =2.8565
Depth d=2.9522 d =2.9759 d = 2.5408
d Amm | =1.2421 | =1.5849 | =1.6908
d = 4.2047 d = 3.9282 d = 3.9983

Relative Error for Determination of Length and Depth
Actual Length |

1.0cm 1.5cm 2.0cm
2mm R, = 6.35% R, = 20.53% R, = 22.16%
Ry = 1548% Ry =7.99% Ry = 0.27%
Actual 3mm R, = 935% R, = 259% R, = 42.83%
Depth Ry = 159% Ry = 0.80% Ry = 15.31%
d Amm R, = 2421% R, = 566% R, = 15.46%
Ry = 512% Ry = 1.79% Ry = 0.12% 61



Overall Conclusionson POD

« Taken as a whole, this work indicates that using the POD
method in NDE research can be an attractive alternative to
standard finite element methods, offering the potential for
substantial savingsin total computational time.

e Since the method is both fast and accurate, it suggests this
method would be beneficial in real-time applications.

e It Is possible to ether snapshot on FEM simulations or
experimental data when forming the POD basis elements and
can obtain good resultsin both cases.
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SUMMARY REMARKS
1. Two classes of problems (model/design driven-no data,

and data driven)

2. In both classes, may need to introduce variability/un-
certainty (recall PBPK, HIV examples) even when
considering ssimple case of a single individual

3. If design/model driven efforts are successful (recall eddy
current NDE example), most likely will lead to
validation experiments, data, and necessitate devel op-
ment of statistical models

4. Therearesdsignificant issues, challenges, and
methodology ( well-posedness, regularization,
approximation/computation, model reduction, etc.)
that areimportant to consider in both classes of
problems!
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